We establish Mehler-Heine-type formulas for orthogonal polynomials related to rational modifications of Hermite weight on the real line and for Hermite-Sobolev orthogonal polynomials. These formulas give us the asymptotic behaviour of the smallest zeros of the corresponding orthogonal polynomials. Furthermore, we solve a conjecture posed in a previous paper about the asymptotics of the smallest zeros of the Hermite-Sobolev polynomials as well as an open problem concerning the asymptotics of these Sobolev orthogonal polynomials.
Introduction
In the XIXth century Mehler (1868) and Heine (1878) introduced the following formula for Legendre polynomials P n : uniformly on compact subsets of C, where
is the well-known Bessel function of the first kind. These formulas were later generalized for the classical orthogonal polynomials: Jacobi, Laguerre and Hermite (see [18, pp. 192-193] ). These formulas for Hermite polynomials H n (x) = 2 n x n + · · · are
both uniformly on compact subsets of C. In fact, it can be shown
both uniformly on compact subsets of C and uniformly on j ∈ N ∪ 0. By Hurwitz's theorem, this type of formulas gives us the asymptotic behaviour of the smallest zeros of the corresponding orthogonal polynomials. In general, we have a limit relation between the zeros of the classical orthogonal polynomials (Jacobi, Laguerre and Hermite) and the zeros of some Bessel function of the first kind. Let h n,i be the positive zeros of H n . Then, for Hermite polynomials we have
Mehler-Heine-type formulas and their consequences about the asymptotic behaviour of the corresponding zeros have been studied for different families of polynomials. Thus, for example, these type of formulas have been obtained for disk polynomials in [4] , and for polynomials orthogonal with respect to a Freud weight e −|x| with > 0 they can be deduced from the results in [15] . More recently, these formulas have been obtained for multiple orthogonal polynomials associated with the modified Bessel functions of the first kind in [6] and for some types of Sobolev orthogonal polynomials in [2, 5, 12] .
In this paper, we are interested in finding a Mehler-Heine-type formula for the orthogonal polynomials with respect to the inner product:
e −x 2 x 2 + a 2 dx, a ∈ R, a = 0.
Immediately, one question arises: why should we be interested in this particular inner product? There are several reasons: one of them is that the zeros of these polynomials could be used in a Gauss quadrature for certain rational functions (see [10] and the paper [9] about the computation of the zeros of the orthogonal polynomials with respect to a standard inner product involving measures modified by a rational factor).
Another reason is that the measures d (x) = e −x 2 /(x 2 + a 2 ) dx and d (x) = e −x 2 dx are companion measures as it appears in [3, 17] and, is shown in these papers, it is interesting to obtain algebraic and analytical properties of one of the families of the corresponding orthogonal polynomials in terms of the other family of orthogonal polynomials. On the other hand, from the point of view of the Sobolev orthogonality we have the measure d (x) = e −x 2 /(x 2 + a 2 ) dx that appears as the "second measure" in the Sobolev inner product: > 0, a ∈ R\{0}:
that is, the pair
dx, e −x 2 x 2 + a 2 dx is a symmetrically coherent pair which appears in Meijer's classification of 1997 (see [13] ). Thus, another goal of this paper is to solve a conjecture posed in [5] about the asymptotics of the smallest zeros of the polynomials orthogonal with respect to the above Sobolev inner product. The method to solve this problem allows us to solve an open problem that appears in [1] concerning the asymptotics of these Sobolev orthogonal polynomials. This latest problem has also been solved independently using other techniques in [8] .
The notation along this paper is the following: H n (x) = 2 n x n + · · · denote the classical Hermite polynomials and
T n (x) = 2 n x n + · · · denote the orthogonal polynomials with respect to the inner product
Finally, Q n (x) = 2 n x n +· · · denote the orthogonal polynomials with respect to the Sobolev inner product:
e −x 2 x 2 + a 2 dx and
The layout of the paper is the following: in Section 2 we obtain a Mehler-Heine-type formula for the orthogonal polynomials associated to the measure d (x) = e −x 2 /(x 2 + a 2 ) dx. In Section 3 we get a Mehler-Heine-type formula for the Sobolev polynomials orthogonal with respect to (3) and analyze the asymptotic behaviour of the smallest zeros of these polynomials. Finally, in Section 4 we obtain the relative asymptotics {Q n (x)/H n (x)} on compact subsets of C\R.
A Mehler-Heine-type formula for the polynomials T n
It was established [1] :
We can deduce from Perron's theorem that (see [18, p. 199 
uniformly on compact subsets of C\R. Using only this information it is clear that we can obtain neither a useful Mehler-Heine-type formula for T n nor useful exterior relative asymptotics T n (x)/H n (x) with x ∈ C\R. In fact, we obtain
uniformly on compact subsets of C\R. Therefore, we need more asymptotic information about the coefficient T n
. We give one more term in the asymptotic expansion of this coefficient in the following result, which will be sufficient for our objectives.
Proposition 2. It holds,
Proof. We begin with the even case, that is, n = 2m. Integrating (4) with respect to d (x) = e −x 2 /(x 2 + a 2 ) dx we have that
Taking into account the three-term recurrence relation for Hermite polynomials (see [18, p. 106 ])
we have
An asymptotic estimate of 
where
On the other hand, using the relation between Hermite and Laguerre polynomials, 
We use Laplace's method as in Lemma 2.4 in [1] and we obtain
where M m is given in (8).
Then, using (7-9), we get
Thus, from (6) and the above result we obtain
which proves the result for the even case.
For the odd case, n = 2m + 1, we can use a process of symmetrization, that is, from (4) and the relation between Hermite and Laguerre polynomials (see [18, p. 106]) we have
and, thus the pair of sequences of polynomials {A m , −L
} is a coherent pair of Laguerre type II (see [13] ) and in [14 
, n 2.
Taking into account that this difference equation is highly unstable, in order to compute efficiently Now, we are in a position to establish a Mehler-Heine-type formula for the polynomials T n .
Proposition 3. It holds
both uniformly on compact subsets of C.
Proof. We establish the result for the even case, that is, n = 2m. Using the three-term recurrence relation for Hermite polynomials, relation (4) can be rewritten as
Thus, scaling the variable x we get
It only remains to use Proposition 2 and Mehler-Heine-type formulas (1-2) for Hermite polynomials. The proof for the odd case works in the same way and also uses
From Hurwitz's theorem and Proposition 3 we have the asymptotic behaviour of the smallest zeros of T n , that is,
Corollary 1. Let t n,i be the positive zeros of T n . Then
lim n→∞ 2 √ nt 2n,i = (2i − 1) 2 , lim n→∞ 2 √ nt 2n+1,i = i , i ∈ N.
Mehler-Heine-type formula for Hermite-Sobolev orthogonal polynomials
We consider the Sobolev inner product:
e −x 2 x 2 + a 2 dx (10) with > 0 and a ∈ R\{0}. It was established in [11, Theorem 4] an algebraic relation between the orthogonal polynomials with respect to (10), Q n , and the classical Hermite polynomials:
Note that
The polynomials R n , which are a linear combination of two Hermite polynomials, have been well studied. For example, in [1, 7] it was proved that
that is, R n are the primitives of T n . Furthermore, in [7] the authors prove that R 2n+1 (x) has 2n + 1 different, real zeros and R 2n (x) can have complex zeros under certain assumptions, but when n is large enough all the zeros are different and real. On the other hand, we can assure that the asymptotic behaviour of the smallest zeros of R n and T n is the same since we have the following result:
Proposition 4. It holds, for j fixed,
Proof. The same steps as in Proposition 3.
We need a Mehler-Heine-type formula for the polynomials R n in the above proposition to establish a Mehler-Heine-type formula for the Sobolev orthogonal polynomials. Furthermore, to obtain this formula we use the following result: Lemma 2.6] ). The sequence (a n /(2(n + 2))) n 1 is bounded by (1 + a 2 )/(1 + a 2 + 2 ) and converges to 1/( (1 + 2 )) where
Thus, we get 
both uniformly on compact subsets of C, being
Proof. Applying (11) We consider the even case m = 2n. Scaling the variable x in the above expression for Q 2n , we have
We want to take limits in (12) when n → ∞ and apply Lebesgue's dominated convergence theorem (e.g. see [16] ), then we need a convergent majorant for the sum in (12) . Fortunately, we have Lemma 1 and Proposition 4. Applying these results we get, for i n and n large enough,
uniformly on compact subsets of C. Moreover, for i fixed, we get
uniformly on compact subsets of C. Thus, the hypotheses of Lebesgue's dominated convergence theorem are satisfied and we obtain
uniformly on compact subsets of C.
For the odd case we can proceed in the same way as in the even case.
Corollary 2. Let q n,i be the positive zeros of Q n . Then
Using Corollaries 1 and 2 and Proposition 4, we get Corollary 3. The asymptotic behaviour of the smallest zeros of the polynomials H n , T n , R n and Q n is the same.
In [5] we made some numerical experiments and conjectured that the smallest zeros of Q n are in some sense close to those of T n . Now, from this corollary we know that the smallest zeros of both families are asymptotically equal.
Relative asymptotics
In [1, Theorem 2.7] we establish
uniformly on compact subsets of C\R. Obviously, this result does not give asymptotic information about the polynomials Q n . Now we can improve this result using Proposition 2. In fact, we get polynomials, we have n 2
Taking into account (5), (14) Proof. It is straightforward from (5) and the above proposition.
Proof of Theorem 2. From relation (11), Lemma 1, and Corollary 4 we can obtain
where uniformly on compact subsets of C\R. Therefore, the sequence {F n (x)} is uniformly bounded on compact subsets of C\R and given that relation (15) can be rewritten as
then, we have that the sequence {F n (x)} is convergent and
holds uniformly on compact subsets of C\R. Finally, using relation (16) and Proposition 5 we obtain the result.
Remark 1. I want to note that this result is in concordance with Theorem 3.1(ii) in [1] about the Plancherel-Rotach-type asymptotics for these Sobolev orthogonal polynomials.
Remark 2. From Theorem 2 and Perron's formula we can get the strong asymptotics of Q n uniformly on compact subsets of C\R.
